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Some time back there was some discussion with cesp®i and Coq and such. | wrote

But the basic idea is that in CTT (constructiveetytheory), rather than have a program
which is then type checked, you have a type andftheé a program to fit. In other words, a
problem is less of the form 'Find a type for thkofeing expression E', more of 'Here is a
type T, find an expression that inhabits it'.

Now generally the latter question is not very ukédu programmers. However it turns out
that if you feed your type theory steroids, you cause it to beef up to the point where your
type T *expresses a formal specification of whatghogram is supposed to do.* The catch
however is that your 'roided-up' type theory is bamatorially uncontrollable. You cannot
simply release your type checker on it. So you bhaweteract with the type checker to derive
the solution. At that point you have to build agfrassistant and so you have your NuPrls
and Cogs etc.

| thought | might show you how to do CTT in Qi irseries of occasional posts. You need to
load in the proof assistant in Qi Programs/Chapi&t tomes in the Qi download. Its
documented imttp://www.lambdassociates.org/Book/page311.htm

If we're not bothered overmuch by type securityoarn build a fast implementation using rule
abstractions (seaéttp://www.lambdassociates.org/Book/page306.fand after for how to
work them). A rule abstraction works on a listowflered pairs (sequent) <A, C> where A is
a list of assumption and B a conclusion.

An Introduction to the Typed Lambda Calculus

Generally a starting point is the typed lambdawdate which is part of Qi type theory and just
about every typed language. I'm going to be bhdee to save space by saying anything is a
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(0-) (datatype wff

X wff})
wif



(1-) (synonyms sequent ([wff] * wff))
synonyms

(2-) (tc +)
true

(3+) (define abs
{[sequent] --> [sequent]}
S->((rule X: A>>Y:B;

(/. XY):(A-->B);) S))
abs : ((list ((list wff) * wff)) --> (list ((list wff) * wff)))

(4+) (define app
{[sequent] --> [sequent]}
S->((rule X: (A-->B); Y:A;

(XY):B)S) Note: /. Is being used as the
app : ((list ((list wff) * wff)) --> (list ((list wff) * wff))) ASCII substitute foA and -->
for .

(5+) (define hyp
{[sequent] --> [sequent]}
S -> ((rule
P>>P;)S))
hyp : ((list ((list wff) * wff)) --> (list ((list wff) * wff)))

Here's a slightly odd def. You'll see why its wséf a bit.
(6+) (define answer
{[sequent] --> [sequent]}

[(@pAC)|S]->[(@pAC)(@p[C|AIC)|S])
answer : ((list ((list wif) * wff)) --> (list ((list wff) * wff)))

Load the proof assistant

(7+) (load "../Qi Programs/Chap15/proof assistant.qi")
loaded : symbol

Off we go.

(8+) (proof-assistant _)

Input assumptions? (y/n) n

Enter conclusion: [[/. x X] : [a --> a]]

Step 1 unsolved 1
2-[I1. xX] 1| [a--> al]

Tactic: abs

Step 2 unsolved 1

Tactic: hyp



Real time: 7.59375 sec.

Run time: 0.0 sec.

Space: 35360 Bytes

proved : symbol

The proof signature of this proof is> [[/. x X] |:| [a --> a]], abs, hyp

OK so far? Now rule closures use unification. v@can drive the proof in different ways.
We can ask.

What is the type of [/. x x]?
What function inhabits [a --> a]? The latter qimsbrings us closer to CTT. Lets do it.

(9+) (proof-assistant _)
Input assumptions? (y/n) n

Enter conclusion: [What? : [a --> &]]

Step 1 unsolved 1
?- [What? |:| [a --> a]]

Tactic: answer

Step 2 unsolved 2
?- [What? || [a --> a]]

Tactic: abs

Step 3 unsolved 2

?2- [#:X16870 |:| a]
1. [#:X16867 1| a]

Tactic: hyp

Step 4 unsolved 1

2- [[/. #:X16867 #:X16867] |:| [a --> a]]
1. [[/. #:X16867 #:X16867] || [a --> a]]

Tactic: hyp

Real time: 17.640625 sec.
Run time: 0.015625 sec.
Space: 76452 Bytes
proved : symbol

The final sequent gives the answer. Any legal substn for the variables . #:X16867
#:X16867] has typel[a --> a]. The purpose of the answer function was to alliwg
information to be displayed at the end of the proofWe could also
ask our program to find a most general type[fot x]. This ability to synthesise a program (=
lambda function) from a type is the very beginndfi@TT. | leave you to play with this.

end of post 1




The Curry-Howard Correspondence

This second part deals with the Curry-Howard cqroesience or programs as proofs. We can
sum this correspondence up in two identities.

Proofs = Programs
Propositions = Types

The glue holding these identities together comemfHeyting's semantics for intuitionistic
logic. Lets take a bite out of that.

According to Heyting, we explain the semantics eshathematical proposition by giving the
conditions under which it is provable. We assuha e understand for atomic propositions
like 2 x 3 = 6 how they are proved (by calculatiorfjleyting explains the sense of
logical connectives by giving thgdroof conditions

To illustrate; this is Heyting
A proof of (P - Q) (P implies Q) is a function that maps any prafo to a proof of Q.
Now go back to lambda calculus. Rememtex X) : (A --> A) which is a theorem of simply
typed lambda calculus? It turns out that we can-seas Heyting implication. So the type is
a proposition. Under the correspondence the regudtffirmation is
(/. X X) ispmoof of (A--> A)
which is true by Heyting if
(/. X X) is a function that maps any proof of Adgroof of A.
That's dead on. Because the identity function glestghat!
Now the thing is that the Curry-Howard corresporaielis not too exciting at this level
because the simply typed lambda calculus correspdndan extremely limited bit of

propositional calculus callepurely implicational logic It gets interesting when you add all
the other connectives. Of which, since | haveashd more anon.

end of post 2

Last time we got to the edge of discussing a mowegpful type theory based on the Curry-
Howard correspondence, but using all the connexidfdogic and not just -->. Lets do that.

Representing & (and)
Right; lets tackle & The rules for & in CTT deg¥rom Heyting.
A proof of (P & Q) is a pair <a,b> where a is aqifrof P and b is a proof of Q.

That's simple enough. There are three sequert thdd derive from this rule.



(define &-right
{[sequent] --> [sequent]}
S->((rueA:P;B:Q;

(pair AB): (P &Q)) S))
(define &-leftl
{[sequent] --> [sequent]}
S->((rule A: (P &Q);
(first A) : P;) 9))
(define &-left2
{[sequent] --> [sequent]}
S->((rule A: (P &Q);
(second A) : Q;) S))

We would also add rules

(first (pair AB)) ==> A
(second (pair A B)) ==>B

Note something important. The type theory is @lyglaecoming intractable since the left
rules can be applied ad infinitum to any problenthef form X : p where X is an unbound
variable and p is any type (proposition). Heneaedbery What? : (A --> A) will cause an
infinite regress using Qi-type T* inferencing teajures. And it gets worse!

Representing v (Or)
A proof of (P v Q) is either

1. apair <A,0> where A is a proof of P or ..
2. apair <B,1> where B is a proof of Q

i.e. a proof of (P v Q) is either a proof of P goraof of Q together with a flag indicating
which one is intended to be proved.

(define v-rightl
{[sequent] --> [sequent]}
S->((rule A: P;

(pair A0) : (P v Q);) S))

(define v-right2
{[sequent] --> [sequent]}
S ->((rule B : Q;

(pair B1): (PvQ);) S))



The v right rule is a bit hairier. In essenceays

(P v Q);
(P -->R);

(Q-->R);
R;

The complexity comes from the fact that types are involved. The rule
is

(define v-left
{[sequent] --> [sequent]}
S->((rule A: (PvQ);
B:(P-->R)
C:(Q-->R),

(casesABC): R;) 9))
cases is a function of course. The Qi definit®n i

(define cases
[pair A*0] B C -> (B A%)
[pair A*1]1 B C -> (C A%)

Right what does this mean?

It says that we can prove R if we can prove (P MB)}-> R); (Q --> R). This bit is clear.
The cases function just takes the bits and asssntité proof of R from the proofs of (P v Q);
(P-->R); (Q->R).

Recall that a proof of (P v Q) is either a prooPobr a proof of Q. So the cases function will
take as its first argument either a proof of P pr@of of Q plus a flag indicating which is
proved. If the flag is O, so its a proof of P,rthey applying B (a proof of (P --> R)) to the
embedded proof A* of P we get a proof of R. If flagy is 1, by applying C (a proof of (Q -->
R)) to the embedded proof A* of Q we get a prooiRo

Notice one thing. If a proof of (P v Q) is eithep@of of P or a proof of Q, what about (P v (~
P)); the Law of the Excluded Middle? Actually LEBInot a theorem in this logic since
neither P nor (~ P) may be provable in a formatesys

~ (not)

After v, ~ (not) is really easy. (~ P) is just tlght of as meaning (P --> void) where void is
some obviously false proposition (like 1=0). il@nk Lisp (NOT P) = (IF P NIL T). void is
just CTT's NIL.

(define ~-right
{[sequent] --> [sequent]}
S -> ((rule A : (P --> void);

A:(=P))S)



(define ~-left
{[sequent] --> [sequent]}
S -> ((rule A: (P -->void) >> B : Q;

A:(~P)>>B:Q;)9S))
Proof by Contradiction

Last bit; in logic you can prove any propositisarfi an absurdity. For our purposes an
absurdity is a proof of void.

(define ad-absurdum
{[sequent] --> [sequent]}
S -> ((rule A : void;

(abort A) : P;) S))
The abort function simply raises an error.

(define abort
{A -->B}
X -> (error "~Ais a proof of void!~%" X))

--> (implies)

We've covered this bit; its part of simply typedhtada calculus. But we'll give these rules
appropriate names.

(define -->-right
{[sequent] --> [sequent]}
S->((rule X: A>>Y:B;

(I.XY):(A-->B);,)S))

(define -->-left
{[sequent] --> [sequent]}
S->((rule X: (A-->B); Y:A;

(XY):B) S)

(define hyp
{[sequent] --> [sequent]}
S -> ((rule
P>>P;)S))

This covers the main part of the propositional part of CTT; moezigely, the

propositional part of a system called glifom Per Martin-L6f. Next I'll show some
theorems from this in Qi Il.

end of post 3




Here are some theorems of I T

(19+) (proof-assistant _)

Input assumptions? (y/n) y

lLla:[p&q]

Input assumptions? (y/n) n

Enter conclusion: [What? : [q & p]]

I'm assuming a is a proof of [p & gq] and I'm askihthere is a proof of [q & p].
Step 1 unsolved 1

?- [What? || [q & p]]

Lfal][p&ql]

Tactic: answer

Step 2 unsolved 2
?- [What? 1| [q & p]]
L[all[p &a]l

Tactic: &-right

Step 3 unsolved 3
?- [#:X17642 |:| q]
Lfal][p&ql]

Tactic: &-left2

Step 4 unsolved 3
?- [#:X17654 || [#:X17655 & q]]
Lfal][p&qll

Tactic: hyp

Step 5 unsolved 2
?- [#:X17645 || p]
L [a[][p&aq]]

Tactic: &-leftl



Step 6 unsolved 2
?- [#:X17671 |:| [p & #:X17673]]
1.[a[][p&q]l

Tactic: hyp

Step 7 unsolved 1
?- [[[pair [second a]] [first a]] |:| [g & p]]

1. [[[pair [second a]] [first a]] |:] [9 & p]]
2.[af:|[p &q]]

Tactic: hyp

Real time: 94.0625 sec.

Run time: 0.015625 sec.
Space: 162044 Bytes

GC: 1, GC time: 0.015625 sec.
proved : symbol

So the answer is [[pair [second a]] [first a]] (@mded form) is proof of [q & p]. That is right
of course! Since a proof of [p & q] is a pairethswapping the elements of the pair gives a
proof of [q & p].

Proof signaturesare a space saving device for representing prbstsnmarise the above by

[a:[p &q]] >> [What? : [g & p]]; \the problem\
answer, &-right, &-left2, hyp, &-left1, hyp, hyp \the steps\
What? = [[pair [second a]] [first a]] \the solution\

| could show you more theorems; but | won't takeawour fun. Here's a few exercises for
you to try. Find the solutions.

1.[a:[pvq]]>>[What?:[qVp]];
2.[a:[~pll [b:[pvall >>[What?: q];
3.>> [What? : [q --> [p --> q]]]

Also to round off
4. Implement the structural rules for Jlif type secure Qi ll

a. Weakening; so you can remove an assumption ydedon't want it.
b. Reordering; so you can swap the positions ofdaasumptions.

end of post 4




We move now to the quantifier rules for TTO. Again Heyting is the master key.
The Quantifier Rules: universal
Back to Heyting again.

A proof of (forall X : A P) is a function that, fany object O of type A, produces a proof of
PO/X (the result of replacing all occurrences afP by O).

Thats not hard. We have two rules.

(define forall-left
{A --> [sequent] --> [sequent]}
O S -> ((rule let Q (subst O X P)
F: (forall X: AP)>>0:A;
(FO):Q, F: (forall X : AP) >> R;

F: (forall X: AP)>>R;)S))

The first rule says that if we have a universallantified assumption then we can instantiate
it with an object O provided we can prove that ©fishe right type. That's easy enough.

The forall-right rule is trickier. Let's put in antuitive rendering.

(define forall-right
{[sequent] --> [sequent]}
S -> ((rule let O (newsym a)
let Q (subst O X P)
O:A>>(FO):Q;

F: (forall X : AP);) S))
It says we can show F is a proof of (forall X : AiPwe can prove that (F O) is a proof of
PO/X where O is an arbitrary object of type A. §s sound enough. It just says that to
prove a universally quantified proposition you pgat/for an arbitrary case.
Now this formulation is correct, but it turns otat its not necessarily the best to use. The
problem is that the (F O) : Q; often turns out édifficult to solve. Why? Because you can
end up with problems of the form

a:P>>(Fa):p where Fis avariable

which you cannot solve because 'a' and '(F a)odamify. If we bound 'F' to say '(/. X X)' we
would have.

a:p>((/.XX)a):p

and then beta reduction would give a:p>>a:p

Now this course involves using something calledhbr-order unification' which factors in
lambda calculus transformations into unificatiddut we want to keep things simple; so we

look at a way of reformulating ‘forall-right'.

Now the F part of the rule stands for a functi@n §omething of the form (/. Y Z). So we can
write.



(define forall-right
{[sequent] --> [sequent]}
S -> ((rule let O (newsym a)
let Q (subst O X P)
O:A>>((l.YZ)0O):Q;

(Y 2): (forall X: A P)) S))

((/. Y Z2) O) is an application; so beta reductien gossible. Let Beta be the result of
performing this reduction. What is the relatiortvibeen (/. Y Z) and Beta? Well (/. Y Z) is

just the result of replacing O in Beta by someHreariable Y and wrapping (/. Y ...) round

the whole thing. Lets call this process 'abstomctiand we represent it as (abs O Z).
abstraction is, in a sense, the inverse of betacteon.

eg.(absa(/. Xa)=(.Y (. XY)).
Now putting this into our revised version we get

(define forall-right
{[sequent] --> [sequent]}
S -> ((rule let O (newsym a)
let Q (subst O X P)
O:A>>7Z:Q;

(abs O 2) : (forall X : A P);) S))
To flash ahead; what will happen is then when walgsise a lambda expression at the end
of the proof we may find lots of 'abs' in it. Alleshave to do to eliminate them is to restore the
missing abstractions where we are told to. Thed'sy. The nice thing is that we avoid
complexities.
The Quantifier Rules: existential
OK; this bit will look hairy. Relax your heartbe#im going to decode it straight away.
A proof of (exists X : A P) is a pair <O, B> whege: A and B : PO/x

Arrgh! Read : as 'is a proof of' as well as 'isygfe’. Translated out of geek speak this reads

A proof of 'there exists an X of type A such thatsRa pair <O, B> where O is of type A and
B is a proof of the proposition that results froeplacing all occurences of X in P by O.

So actually its not too hard. It just says thpt@of of an existence claim is a pair composed
of an actual object of the right type (calleditnes$ together with a proof that the object has
that property.

One thing to note is that systems based on Hegtilogiic require existence proofs to be
constructive (hence 'Constructive Type Theory')colistructive existence proof requires you
to prove the existence of something by providingamstructing a witness. In classical logic,
one can prove the existence of fs by proving thaffdrall x (~ f x))). However in CTT, (~
(forall x (~ (f x)))) --> (exists x (f x)) is not theorem.

When we translate Heyting into sequent calculug&te? rules. One right rule and one left.

Lets take the right rule first. Again I'm goingpeesent it and then comment on it



(define exists-right
{A --> [sequent] --> [sequent]}
Witness S -> ((rule let Q (subst Witness X P)
Witness : B; A: Q;

(pair Witness A) : (exists X : B P);) S))
OKk; this is not too hard, but some comments.

1. Notice that this rule is parameterised. It bedWigness S -> ....." The Witness is the
witness (no marks for guessing that ;)).

2. Notice we put a side condition in. The motive ibvious. It constructs the
instantiation of the existential proposition. Hamgethis is important because the use
of 'subst' is an indicator that we expect to finche significant structure to play with.
This means that we cannot, as we did at the outsate our formalisation in
different ways by writing types and asking for posftions which they prove
(remember (/. X X) : What?). So we have sacrifidekibility in using a side
condition.

Could we avoid this? Yes; possibly. what we caldds to absorb the side condition into the
premises of the sequent as in

(define exists-right
{A --> [sequent] --> [sequent]}
Witness S -> ((rule Witness : B; (Q = (subst Witness X P)); A: Q;

(pair Witness A) : (exists X : B P);) S))

We would retain flexibility but at the cost of mali the system more complex because we
would have to include rules for = and subst andagarthis ourselves. So we have a choice
point here, and since this is a post, we'll chdbsesimpler more restrictive route.

The left rule states that if we have an existendéissumption, we can replace it by two
assumptions (relating to the fact that the inhalbitaf the existential type is a pair).
The first element of a proof of an existential &siX : B P) is an object (a witness) of type B.
The second is a proof of the proposition that ltedtom replacing the bound variable by the
witness.

(define exists-left
{[sequent] --> [sequent]}
S -> ((rule let P_fstA/X (subst [first A] X P)
(first A) : B, (second A) : P_fstA/X >> R;

A: (exists X:BP)>>R;) S))
Try it for Yourself!

Again you can try out these rules by pasting thetm Qi (you're probably assembling quite a
collection by now). Try these theorems and finel sblutions for What?.

a:q,p:(fa),c: (forall x:q((fx)--> (g x))) >>What? : (g a)
a: (some x: q (fx)), c: (forall x : g ((f X) --> (g x))) >> What? : (some x : q (g X))
a:(some x: q (f x)) >>What? : (some y: q (fy))

To remind you of the extra rules; here they are



(define forall-left
{A --> [sequent] --> [sequent]}
O S -> ((rule let Q (subst O X P)
F:(forall X: AP)>>0:A;
(FO):Q, F: (forall X : AP) >> R;

F: (forall X: AP)>>R;)S))

(define forall-right
{[sequent] --> [sequent]}
S -> ((rule let O (newsym a)
let Q (subst O X P)
O0:A>Z:Q;

(abs O 2) : (forall X : A P);) S))

(define exists-right
{A --> [sequent] --> [sequent]}
Witness S -> ((rule let Q (subst Witness X P)
Witness : B; A: Q;

(pair Witness A) : (exists X : B P);) S))

(define exists-left
{[sequent] --> [sequent]}
S -> ((rule let P_fstA/X (subst [first A] X P)
(first A) : B, (second A) : P_fstA/X >> R;

A: (exists X:BP)>>R;) S))
Just to remind you of the proof assistant syntarelis beginning of the first proof.
(4+) (proof-assistant _)
Input assumptions? (y/n) y
l.[a:q]
Input assumptions? (y/n) y
2.[p:[fall
Input assumptions? (y/n) y
3. [c: [forall x : g [[f X] -->[g X]]]
Input assumptions? (y/n) n

Enter conclusion: [What? : [g a]]

Step 1 unsolved 1

?- [What? [:| [g a]]

—
— O

al]
orall x |:| g [[f x] --> [g x]]]]

—

1.[al]
2.[p [
3.[clIT



Tactic: answer

Step 2 unsolved 2

?2- [What? || [g al]

Tactic: (forall-left a)

Step 3 unsolved 3
?-[alld

1. [c || [forall x |- g [[f x] --> [g x]]I]
2. [al:| d]

3.[p[:| [fall

Tactic:
Notice in step two | type (forall-left a) which #&partial application generating a function of

type [sequent] --> [sequent] because forall-lefpdsameterised. You can probably complete
the proof now.

end of post 5

We now pass on to proof by mathematical inductramich is really quite central to the whole
process of extracting programs from proofs. Uni@derding this aspect requires a grasp of
primitive recursion so I'll begin by a refresheucse on primitive recursion.

Primitive Recursion

The n-ary functions that map from numbers to numilaee called number theoretic functions.
One such class of number theoretic functions aggthmitive recursive functions. This class
in turn is a proper subset of the class of germerlrsive functions which occupy a significant
place in the theory of computing. Their significanderives from the fact that the general
recursive functions provide a model for comput#pilirt the natural numbers. We shall not
be concerned with general recursive functions ey, primitive recursive functions.

The class of primitive recursive functions is sfiedi recursively by isolating a set of base
recursive functions and a higher order function clihivhen applied to primitive recursive
functions produces new primitive recursive funciion The primitive recursive functions
are defined as follows.

1. A zero function is a primitive recursive functiahis definable in Qi as follows

(define zero
{A --> number}
_->0)

2. The successor function is primitive recursive



(define succ
{number --> number}
X->(+ X 1)

3. An infinite set of projection functions is primiwecursive such that for any projection
function fi:n of arity n (fi x1....xi...xn) = xi.A projection function is thus one that given a
number of arguments always returns the ith ond@intas its value.

Entering an infinite set of projection functionsarQi is obviously an impossibility, but we
can gain the benefit of using projection functibgsabstractions. Thus f1:3 can be
represented by (/. XY Z X).

4, Given two primitive recursive functions we canidefa third by the operation of
composition.

5. The higher order function prim can be used to defiaw primitive recursive functions. Its
definition is

(define prim
{number --> A --> (number --> A --> A) --> A}
0X_->X
N XF->(F (- N 1) (prim (- N 1) X F)))

Some Examples of Primitive Recursive Functions
Addition:

(define add
{number --> number --> number}
XY ->(prim XY (/. W Z (succ Z))))

Multiplication:

(define multiply
{number --> number --> number}
XY -> (prim Y (zero X) (/. W Z (add X 2))))

Mathematical Induction in TT o

Primitive recursion and Tglare connected together by ISTversion of proof by mathematical
induction which makes essential use of primitiveursion. We shall first state the rule in Qi
Il and then discuss its significance.

(define mathl-ind
{[sequent] --> [sequent]}
S -> ((rule let PO/X (subst 0 X P)
let PsuccX/X (subst [succ X] X P)
C: PO/X;
F : (forall X : natnum (P --> PsuccX/X));

(/. N (prim N C F)) : (forall X : natnum P);) S))

Ignoring the LHS, the rule is quite orthodox. Here have just the RHS



let PO/X (subst 0 X P)

let PsuccX/X (subst [succ X] X P)
PO/X;

(forall X : natnum (P --> PsuccX/X));

(forall X : natnum P);
It says that if we are given to prove a propertf Rll the natural numbers then we do it by

1. Proving the base case PO/X, where O replaces tedoeariable X.
2. Proving the inductive case (forall X : nathum (P PsuccX/X)) where PsuccX/X is the
result of replacing X by (succ X).

To understand the LHS we have to consider whatdmndtive proof delivers to us. Suppose
there is an inductive proof that every natural nantias the property F. Suppose we want to
show that this gives us the means M of proving$tha property F.

This we can do by

a. Invoking our proof C of the base step 0.
b. Applying the proof F of the inductive step 5 &sn

This thinking is reflected in the conclusion of @uke; (/. N (prim N C F)) is the means M just
described.

(prim5CF)=(F4(F3(F2(F1(FOC)))

Hence this rule gives is the basis for executingerical computations from inductive proofs.
Of course this is very important!

The last two rules are a mere addendum; we haglefine the natural numbers as a type.

(define natnum-base
{[sequent] --> [sequent]}
S -> ((rule
0 : natnum;) S))

(define natnum-induct
{[sequent] --> [sequent]}
S -> ((rule N : natnum;

(succ N) : natnum;) S))

In the next post we shall come to grips with theli@ation of these ideas by actually
synthesising a program.

end of post 6




Now we come to the final part of the exposition.
Consider the proposition
Every naturahmer has an integer square root

Written in TTO this appears as

(forall x : natnum (exists y : natnum (intsqrt y))x)
Now suppose we were to pose this as a problem

What? : (forall x : natnum (exists y : natnum (intsqrt y x)))
If we were to solve the problem, what would theusioh for 'What?' look like?
By CTT theory it must be a function f that for amgtural number n, delivers a proof of (exists
y : natnum (intsqrt y n)). But what is a proof?(exists y : nathum (intsgrt y n))? Again CTT
tells use that this must be a pair <w, p> compadedwitness w that is the integer square root
of n and a proof p of (intsqrt w n). But if this frue then the function f actually delivers or
computes integer square roots. Hence from profiogll x : natnum (exists y : natnum
(intsgrt y x))) we can actually derive a prograratthomputes them.
€rgo programs = proofs

In CTT a program specification has the form

(forall x1 : t1 ... (forath : tn ... (exists y (R y x1...xn))))

where x1...xn are the inputs and y is the desitggud. Proving this formula delivers the
program.

An Actual Example

I'm going to choose an example fitted for a pag.not too long. We are going to synthesise
the addition function.

We need two rules defining addition.

(define plus-base
{[sequent] --> [sequent]}
S -> ((rule

trivial : (plus X 0 X);) S))

(define plus-induct
{[sequent] --> [sequent]}
S ->((rule A : (plus X Y 2);

A : (plus X (succ Y) (succ 2));) S))

The first says that there is a trivial proof that-X) = X. Note we have to use a relational
'Prolog' style notation because we have not yetrparated equality into Tl

The second says that a proof that x + (succ yued(g) is also a proof that x + y = z.



We want to prove that for any two natural numbhbesé is a third which is their sum.
(forall x : natnum (forall y : natnum (exists zatnum (plus X y z))))

The Proof

Here is the proof is all its monochrome glory

(13+) (proof-assistant )

Input assumptions? (y/n) n

Enter conclusion: [What? : [forall x : natnum [forall y : natnum [exists z : natnum [plus x y z]]]]]

Step 1 unsolved 1
?- [What? ||
[forall x |:] natnum
[forall y |:] natnum [exists z |:| natnum [plus x y Z]]]]]

Tactic: answer

Step 2 unsolved 2
?- [What? |:| [forall x |:] nathum [forall y |:| natnum [exists z |:| nathnum [plus x y z]]]]]

Tactic: all-right

Step 3 unsolved 2
?- [#:X22211 || [forall y |:] nathum [exists z |:| natnum [plus a659 y z]]]]
1. [a659 |:] natnum]

Tactic: mathl-ind

Step 4 unsolved 3
?- [#:X22220 |:| [exists z |:| natnum [plus a659 0 z]]]
1. [a659 |:] natnum]

Tactic: (some-right a659)

Step 5 unsolved 4
?- [a659 [:] natnum]
1. [a659 |:] natnum]

Tactic: hyp



Step 6 unsolved 3
?- [#:X22246 [:] [plus a659 0 a659]]
1. [a659 |:] natnum]

Tactic: plus-base

Step 7 unsolved 2

?- [#:X22223 [

[forall y |:] nathum
[[exists z |:| nathum [plus a659 y 7]] -->
[exists z |:] natnum [plus a659 [succ V] Z]]]]]

1. [@659 [:| natnum]

Tactic: all-right

Step 8 unsolved 2

?- [#:X22274 [

[[exists z |:] nathum [plus a659 a662 z]] -->
[exists z |:] nathum [plus a659 [succ a662] z]]]]

1. [@662 [:| natnum]
2. [a659 [:| natnum]

Tactic: -->-right

Step 9 unsolved 2
?- [#:X22285 || [exists z |:] nathum [plus a659 [succ a662] z]]]

1. [#:X22282 |:| [exists z |:| nathum [plus a659 a662 z]]]
2.[a662 |:| natnum]
3. [@659 |:| natnum]

Tactic: some-left

Step 10 unsolved 2
?- [#:X22285 |:| [exists z |:| natnum [plus a659 [succ a662] z]]]

1. [[first #:X22301] |:] natnum]

2. [[second #:X22301] || [plus a659 a662 [first #:X22301]]]
3. [@662 |:| natnum]

4. [a659 |:| natnum]

Tactic: (some-right [succ [first #:X22301]])



Step 11 unsolved 3
?- [[succ [first #:X22301]] |:| natnum]

1. [[first #:X22301] |:] natnum]

2. [[second #:X22301] || [plus a659 a662 [first #:X22301]]]
3. [a662 |:| natnum]

4. [a659 |:| natnum]

Tactic: natnum-induct

Step 12 unsolved 3
?- [[first #:X22301] |:| nathum]

1. [[first #:X22301] |:] natnum]

2. [[second #:X22301] |:| [plus a659 a662 [first #:X22301]]]
3. [a662 |:| natnum]

4. [a659 || natnum]

Tactic: hyp

Step 13 unsolved 2
?- [#:X22506 |:| [plus a659 [succ a662] [succ [first #:X22301]]]]

1. [[first #:X22301] |:] natnum]

2. [[second #:X22301] |:| [plus a659 a662 [first #:X22301]]]
3. [a662 [:| natnum]

4. [a659 |:| natnum]

Tactic: plus-induct

Step 14 unsolved 2
?- [#:X22530 || [plus a659 a662 [first #:X22301]]]

1. [[first #:X22301] |:] natnum]

2. [[second #:X22301] || [plus a659 a662 [first #:X22301]]]
3. [a@662 |:| natnum]

4. [a659 || natnum]

Tactic: hyp



Step 15 unsolved 1

?- [[[abs a659]
[/. #:X22219
[[[prim #:X22219] [[pair a659] trivial]]
[[abs a662]
[1. #:X22301 [[pair [succ [first #:X22301]]] [second
#:X22301]11111

[forall x |:] natnum
[forall y |:] natnum [exists z |:| natnum [plus x y z]]]]]

1. [[[abs a659]
[/. #:X22219
[[[prim #:X22219] [[pair a659] trivial]]
[[abs a662]
[/. #:X22301 [[pair [succ [first #:X22301]]] [second
#:X22301]11111

[forall x |:] nathum
[forall y |:] natnum [exists z |:| natnum [plus x y Z]]]]]

Tactic: hyp

Real time: 266.5625 sec.
Run time: 0.1875 sec.
Space: 1083768 Bytes
GC: 2, GC time: 0.0 sec.
proved : symbol

The expression

[[[abs a659]
[/. #:X22219
[[[prim #:X22219] [[pair a659] trivial]]
[[abs a662]
[/. #:X22301 [[pair [succ [first #:X22301]]] [second #:X22301]]111]

is what we actually want. Notice that this is aabed with 'abs' - an abstraction forming
operator that we can define thus

(define abs
[[abs X] Y] -> (let Z (newvar V)
(abs [/. Z (subst Z X Y)]))
[X | Y] -> (map abs [X | Y])
X ->X)

Lets put the program in a global

(set *rawprog* [[abs a659]
[/. #:X22219
[[[prim #:X22219] [[pair a659] trivial]]
[[abs a662]
[/. #:X22301 [[pair [succ [first #:X22301]]] [second #:X22301]111111)



The raw program is a list representation of an etadde. Lets get the real thing by applying
‘abs' and pretty-printing the result in round betek We evaluate

(PPRINT (abs (value *rawprog*)))
and get

(/. ver3
(/. #:X22219
(((prim #:X22219) ((pair V673) trivial))
(/. ver4a
(/. #:X22301 ((pair (succ (first #:X22301))) (second #:X22301)))))))

Qi doesn't like the #: so we dump them

(/. ver3
(/. X22219
(((prim X22219) ((pair V673) trivial))
(/. ver4
(/. X22301 ((pair (succ (first X22301))) (second X22301)))))))

We now have to define pair, first and second.

(define pair
{A-->B->(A*B)}
XY ->(@pXY))

(define first
{(A*B)--> A}
X -> (fst X))

(define second
{(A* B) --> B}
X -> (snd X))

And finally we can test our addition program. Netthat we bind our synthesised program to
a local Add before applying it to the two numberand Y. We take the first element of the
result. Why? Because the function delivers a fpodthe existential which is a pair <w, p>
where w is the witness. What we want is the wines

(14+) (define add
{number --> number --> number}
XY -> (let Add (/. V673 (/. X22219
(((prim X22219) ((pair V673) trivial))
(/. ve74
(/. X22301 ((pair (succ (first X22301))) (second X22301)))))))
(first (Add X Y))))
add : (number --> (number --> number))

And then we test it.

(15+) (add 34 45)
79 : number

end of post 7




Conclusions

What can we conclude from this series of 7 pos&® can usefully divide our conclusions
into

A. Remarks about the implementation.
B. Remarks about the ideas i.e. CTT itself.

Remarks about the Implementation

It should be clear that Qi Il is an extremely pofwktool for investigating computational
logic. We can prototype formal systems in Qi fawrenrapidly than in either Haskell, ML,
O'Caml or Lisp. So if you're interested in anyexgpf formalised reasoning, Qi Il can give
you a lot of leverage in allowing you to rapidlypdore ideas.

If we were serious about this implementation we Mao a number of things. If you're
interested you can chase any of these things up'dibd interested in any posts.

1. Implement the rest of Tolincluding rules for equality and list inductio®imon
Thompson's boolype Theory and Functional Programming
www.cs.kent.ac.uk/people/staff/sjt/TTFP gives thades.

2. Give a proper syntax for the system. Saying angtlé a wff is asking for trouble ;).

3. Devise a nicer proof assistant. What would nicean? Here's some ideas.

a. Get away from entering stuff in list notation andmathe (...) notation favoured
in books.

b. Move away from having to type in commands to paimd click. This means
using Qi/tk.

c. Maybe too, being able to write formulae in non-ABGImM with true existential
and universal quantifiers that are translated amtanternal form.

4. Add a facility to store theorems in a library whéney can be used.

5. Important; the use of unification in Qi Il is itéelot type secure. See
http://www.lambdassociates.org/Book/page328.funa discussion.

In general there are two ways round this.

Q) Dispense with rule closures and code the systestaimdard Qi.
This would result in a larger mass of code.

(i) Keep the prototype and accompany it by a metaghatfthe
unification of any two wffs according to the syntafxthe system
must result in a wff. This is the way | would clseo

If those things were done then you would have tesysike Cog/Elf/Lego/Nuprl, but based
on Martin-Lof's work, with a code footprint that wld be much smaller than any of them.

On Constructive Type Theory

CTT is very pretty. Is it practical? Our exampleygests not; getting our heads around the
synthesis of the addition function required far eneffort than actually writing an addition
function by hand.But one example is misleadin@TT might be very useful in other areas
such as circuit specification say, where correctmaght be specifiable quite elegantly and
the cost of error is very high. So for safetyicet work CTT might be quite useful.



The other observation is that our addition function is very inefficieThere are
people working on this aspect. Actually there are some simplmisptions in our
solution that would drastically improve performance. One is rgettid of the
unnecessary currying in the solution which just generates redurnokamigl
applications.

Mark Tarver ©209°



